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The knowledge of infinite-dilution solvent activities in molten
polymers is essential for many processes in polymer production
and purification. Theoretical approaches that reach the accuracy
of experiments are urgently needed, not only to replace
expensive experiments but also to improve our atomic-level
understanding of complex materials systems, including thin-
film protective or barrier coatings, where activity coefficients
of solvents and other impurities need to be understood in relation
to the polymer chemistry, local chain packing, and system
morphology.

In a recent publication we reported a nonequilibrium free
energy sampling method applied to calculate excess chemical
potentials (ECPs) of solvents in polymers.1 By running multiple
fast-growth thermodynamic integrations (FGTI) in parallel,
highly accurate estimates of propane, chloroform and dimethyl
sulfoxide ECPs were obtained in a liquid of bisphenol
A-polycarbonate (BPA-PC) 5-mers. ECPs were obtained from
Jarzynski’s identity;2 i.e., the free energy difference is expressed
as an exponential average of the work performed on the system
during irreversible transformations. Given the (small) inaccuracy
in the computed data obtained with this method,1 validation of
the force field for these types of chemically complex systems
has come into reach. Here, we report the calculation of infinite-
dilute phenol ECPs in entangled, monodisperse BPA-PC melts
with Mn ) 5294 g/mol. This molecular weight corresponds to
20 chemical repeat units (we model phenoxy end groups) and
is close to molecular weights examined experimentally.3 We
note that the above molecular weight corresponds to ∼4
entanglement lengths.4 The all-atom BPA-PC systems have
been prepared by inverse mapping of equilibrated coarse-grained
melts.5 The polycarbonate/phenol system is important in high-
conversion polymerization of polycarbonate where it is neces-
sary to remove phenol, formed upon transesterification of
diphenylcarbonate with bisphenol A. The temperatures examined
in our simulations range between 573 K (high-temperature melt)
and 423 K (the experimental Tg).

For the computational details, the reader is referred to the
Supporting Information. The work distributions at 423, 473, and
573 K are shown in Figures 1 and 2. The first thing to notice
from the distributions is that the spread is strongly temperature
dependent. The glass transition temperature of BPA-PC is close
to 423 K, where it is “difficult” to insert additive molecules,
because the dynamics of the matrix is very slow. At 573 K the
matrix is liquidlike, and the insertion is so easy that the spread
in the distribution is less than kBT. In the plots also the
exponentially reweighted distributions are shown. At 423 and
473 K these distributions suddenly stop on their low-energy
sides, which shows that there is not enough sampling. At 423

K only a few simulations determine the value of the ECP. To
be more specific, Jarzynski’s formula2 can be split into two
terms:

Here, µex is the ECP, the angular brackets denote a canonical
average over the initial (uncoupled) state, � ) (kBT)-1, and Wi

is the coupling work of the ith FGTI run. The sum runs over
all N FGTI runs. Work values which are several kBT higher
than the lowest values only contribute to the log N term, not to
the first term. To quantify how many “relevant” simulations,
i.e., that contribute to the first term, have been performed, one
can look at the weighted average of the weights. The inverse
of this average weight gives the effective number of simulations:
For equilibrium free energy calculations (which are computa-

tionally infeasible for this system) all weights are equal and Ne

becomes equal to N. In Table 1 the effective number of
simulations is given. At 423 K, effectively only 5% of the
simulations contribute to the ECP. Here we could have improved
the efficiency significantly by moving the system slower from* To whom correspondence should be addressed.

Figure 1. Work distribution for the coupling of a phenol molecule at
423 K. The coupling time for each of the FGTI runs is 2.2 ns. The
empty bars show the exponentially reweighted distribution. The solid
line is a Gaussian curve with average 〈W〉 and standard deviation σ(W).
The dashed line is the same Gaussian curve shifted by -�σ2.

Figure 2. As Figure 1, but for 473 and 573 K.

µex ) -kBT log〈e-�W〉 ) -kBT log ∑
i)1

N

e-�Wi + kBT log N

(1)

1
Ne

) ∑
i)1

N ( e-�Wi

∑
j)1

N

e-�Wj)2

(2)

7281Macromolecules 2008, 41, 7281-7283

10.1021/ma8015486 CCC: $40.75  2008 American Chemical Society
Published on Web 09/23/2008



the initial (uncoupled) state to the final (coupled) state. At the
higher temperatures the efficiency is good.

In general, one does not know what one has not sampled.
But since the work distributions are similar to Gaussians, we
can get a rough estimate of the systematic error due to the lack
of sampling by comparing the ECPs to those for pure Gaussian
distributions.1 For a Gaussian distribution the reweighting
produces again a Gaussian distribution which is shifted by -�σ2.
By comparing with the reweighted Gaussian in Figures 1 and
2, one can see that there indeed seems to be a lack of sampling,
especially at 423 K. To obtain the ECP, µex

G , corresponding to
a Gaussian distribution, we only need the average and the
standard deviation of the work distribution:

The second term gives the irreversible work, which is propor-
tional to the variance of the distribution. In Table 1 one can
see that at 423 K there is a discrepancy of about kBT between
the two ECPs. At 473 K the difference is smaller but noticeable,
whereas at 573 K only 20 simulations provide enough sampling.
This can also be seen from the error estimate in Table 1. We
performed a bootstrap error estimate, which (incorrectly)
assumes that the sampled distribution over N simulations is
correct and an error estimate assuming a Gaussian distribution
with standard deviation σ; for both error estimates we averaged
a million realizations. The two methods produce significantly
different error estimates, except at the highest temperature.
Despite the fact that the sampled work distributions and the
Gaussian work distributions are quite similar (see Figures 1 and
2), application of the bootstrap procedure to the Gaussian
distribution will give a larger variance in the resulting distribu-
tion of ECP values due to the exponential weighing of the low
energy tail. The Gaussian error estimates ∆G seem more realistic
than the bootstrap error estimates ∆B as they are closer to the
observed differences µex - µex

G .
In most cases, the initial and final states are known, and

forward and reverse coupling processes may be performed to
improve the accuracy of the free energy calculation using Crooks
relation.6 In our case, the systematic error is however mostly
determined by insufficient sampling of low-energy minima of
the end state. Reversing the integration process from one of
the few sampled minima will not lead to sampling additional
work values in the low-energy tail of the work distribution.

Experimentally, ECPs of additive molecules in polymers can
be determined with inverse gas chromatography. In Table 2 we
show a comparison with two experiments.7 The two experi-

mental ECPs at 473 K differ by 1.5 kJ/mol, which is more than
the computational accuracy of the simulations. The simulations
at the two higher temperatures overestimate the ECPs (are too
positive) by ∼4 kJ/mol. The excess enthalpy can be determined
from the temperature dependence of the ECP. For the experi-
ment this gives -34 kJ/mol at 473 K. The simulation gives the
same enthalpy within the accuracy of the derivative between
473 and 573 K, which is 7 kJ/mol. It has however been shown
that the BPA-PC force field used in this work underestimates
the heat of vaporization of bisphenol A by 5%.8 Also, the phenol
force field used in our calculations underestimates the phenol
heat of vaporization by a few percent for the temperatures
examined here.9 This is consistent with the overestimation of
the phenol ECP in BPA-PC. An increase of the interaction
strength of the Lennard-Jones and/or charge interactions in the
force field by a few percent would solve this issue. It is worth
noting that at 573 K in the NPT ensemble with the 2.5% too
high density (for details see Supporting Information) the ECP
increases by 1.8 kJ/mol. Although this is less than the current
difference between experiment and simulation, the effect is
larger than the computational accuracy of the simulations. This
shows that for accurate predictions of ECPs not only an accurate
parametrization of the interaction energies is required but also
an accurate description of the melt density.

In previous work we have shown that propane has a
preference to reside at the end groups of BPA-PC, whereas
dimethyl sulfoxide has no preference.1 We have looked at
solute-polymer radial distribution functions (RDFs) at 473
K, where we effectively have 29 fully coupled conformations
and a reasonably sampled work distribution. The RDFs are
shown in Figure 3. For the center of mass (COM) of phenol
with the end groups of BPA-PC the RDF is 1.5 between 0.5
and 0.6 nm. However, this high value is the result of only two
simulations with work values at the lower end of the distribution.
Without these two simulations the RDF is 1 within the error
margins. We also looked at the RDF of phenol with the methyl
carbons of the isopropylidene units in BPA-PC and the
hydroxyl group of phenol with the carbonate groups in the
BPA-PC. Also, there RDFs are equal to 1 within the error
margins, indicating that preferential interactions with the
polymer backbone are absent at this temperature. Therefore, we
conclude that there might be a slight preference for phenol to
occupy locations close to the end groups of BPA-PC, but an
order of magnitude more simulations are required to resolve
this question with certainty.

Using the same procedure as described above, we also
determined the ECP of water in BPA-PC. We chose the
simple point charge water model.10 At 473 K we performed
40 simulations which resulted in a ECP of 5.4 kJ/mol with

Table 1. ECP µex at Three Temperatures T Obtained from N
Fast-Growth Simulationsa

T (K) N Ne �σ µex
G (kJ/mol) µex (kJ/mol) ∆B (kJ/mol) ∆G (kJ/mol)

423 80 4 2.9 -23.7 -20.2 1.8 4.5
473 80 29 1.5 -15.1 -14.0 0.6 1.2
573 20 17 0.4 -10.0 -10.0 0.5 0.5

a Ne is the effective number of simulations (see text). Also shown is the
ECP for a Gaussian distribution µex

G with standard deviation σ; � ) (kBT)-1;
∆B is the bootstrap error estimate, and ∆G is an error estimate assuming a
Gaussian distribution. See the text for details.

Table 2. Comparison of Calculated ECPs with Experiment in
Units of kJ/mola

T (K) exp 1 exp 2 simulation

423 -20.4 -20 ( 4
473 -18.1 -16.6 -14 ( 1
573 -13.8 -10.0 ( 0.5

a Exp 1 is by S. W. Webb;7 exp 2 is by R. Baltus in ref 7.

µex
G ) 〈W 〉 - 1

2
�σ 2 (3)

Figure 3. Phenol-polymer radial distribution functions at 473 K:
(a) phenol COM-last three carbons in both BPA-PC phenyl end
groups; (b) phenol COM-BPA-PC methyl groups; (c) phenol
oxygen-BPA-PC carbonyl oxygen.
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a bootstrap and Gaussian error estimate of 0.5 kJ/mol. The
experimentally reported ECP is -6 kJ/mol.7 The discrepancy
between simulation and experiment is far too large to be fully
attributed to force field issues. We therefore suspect that water
reacts with BPA-PC, which is a well-known cause of
polycarbonate degradation.

In conclusion, we have shown that fast-growth simulations
can efficiently be used to perform predictive modeling of
ECPs of additive molecules in polymer matrices. The method
is well-suited to be used in combination with all-atom
molecular dynamics simulations of polymers with complex
chemical topologies. FGTI overcomes the sampling problems
usually encountered with the insertion of large and rigid (e.g.,
aromatic) solvent molecules in dense polymer melts. Ac-
curacies higher than 1 kJ/mol can be achieved over a broad
range of temperatures. Only very close to the glass transition
temperature the dynamics of the polymer matrix becomes
too slow to achieve reasonable accuracies. For many systems
the accuracy of the force field will be the limiting factor to
predictively model solute ECPs. In such cases, the presented
methodology can be used to improve the force field model
at a state point where experimental data are available. The
FGTI method can then be used for predictive modeling of
polymer-solvent phase equilibria in a broader range of
thermodynamic conditions.
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